We propose general methodology of deterministic single-mode quantum interaction nonlinearly modifying single quadrature variable of a continuous variable system. The methodology is based on linear coupling of the system to ancillary systems subsequently measured by quadrature detectors. The nonlinear interaction is obtained by using the data from the quadrature detection for dynamical manipulation of the coupling parameters. This measurement-induced methodology enables direct realization of arbitrary nonlinear quadrature interactions without the need to construct them from the lowest-order gates. Such nonlinear interactions are crucial for more practical and efficient manipulation of continuous quadrature variables as well as qubits encoded in continuous variable systems.
Quantum technology employing quantum information processing with qubits is constrained to potentially large but always finite-dimensional Hilbert spaces [1] . To move beyond this limitation and fully process and simulate infinite dimensional systems one has to take advantage of continuous variables (CV) methods [2, 3] . Moreover, CV methods are suitable for manipulating qubits encoded in the subspace of infinite dimensional systems [4, 5] . Such a hybrid qubit-CV approach has turned out to have practical advantages in quantum optics since it can take advantage of robust encoding of qubits and deterministic operation with CV methods [5, 6] . The experimentally accessible CV operations are linear transformations of continuous quadrature operators and can be constructed from Hamiltonians of up to quadratic order of the operators [7] . Such linear transformations can be deterministically performed for systems in both Gaussian and non-Gaussian states [8] . They cannot, however, provide the nonlinear non-Gaussian dynamics which is necessary for accessing the full quantum analog simulation [3] and computation [2] . For that we require elementary nonlinear transformations which require Hamiltonians with cubic or higher order nonlinearity [9] .
Gottesman, Kitaev, and Preskill (GKP) stimulated long-standing theoretical and experimental development of the missing tools required for the elementary third order (cubic) nonlinear phase gate [4] . We have recently expanded upon the original concept by designing a deterministic cubic nonlinear phase gate for a traveling beam of light based on adaptive continuous-variable measurement and linear feed-forward control [10] . In principle, this nonlinear cubic gate, together with already existing linear and quadratic gates, is sufficient for constructing * Electronic address: marek@optics.upol.cz † Electronic address: akiraf@ap.t.u-tokyo.ac.jp an arbitrary nonlinear gate and realizing universal computing with CVs [9] . This gate set also enables deterministic and universal quantum computation for qubits with the hybrid approach [5] . However, useful gates for qubits and CVs are often of higher order and require impractical number of elementary gates for implementation [11, 12] . For example, the fourth order Kerr nonlinearity is necessary for realizing controlled-NOT gates of qubits, quantum nondemolition measurement of photon number [13] , and creation of Schrödinger cat states [14] , but its implementation with sufficiently small errors requires tens of individual cubic or lower order gates [11] . As the order of the desired nonlinearity increases, the number of required gates rapidly increases and soon becomes experimentally intractable.
In this letter we present a full methodology for directly realizing deterministic nonlinear quadrature phase gates of an arbitrary order. These gates require a set of ancillary harmonic oscillators linearly coupled to the target system and measured by quadrature detectors. The required nonlinearity is obtained by nonlinear classical feed-forward control [15] . In order to compensate quantum noise appearing due to the deterministic nature of the gates, the ancillary oscillators need to be initialized in nonlinearly squeezed states. Such states can be prepared in advance by probabilistic methods [16] or on different platforms, and stored before they are needed [17, 18] . We will describe the overall strategy and then focus on the illustrative example of the fourth order (quartic) nonlinear gate. The proposal is implementable with the current optical hybrid technology [5] , making it suitable for efficient realization of universal quantum computing with qubits and CVs. It can be also adapted to other physical platforms, such as phononic modes in quantum electromechanical and optomechanical systems [19] , motion modes of trapped ions [20] , microwave radiation in cavity QED [21] , or collective spins of atoms [22, 23] .
CV quantum operations -The ultimate tool of CV quantum information processing is a unitary transformation realizing dynamics of an arbitrary Hamiltonian [9] . For CV harmonic oscillators, which are described with help of quadrature operatorsx andp, with [x,p] = i, the arbitrary Hamiltonian can be expressed as a bivariate polynomialĤ = k,l c k,l (x kpl +p lxk ). The elementary technique that allows construction of such operators relies on using a number of simple operations and merging them together as:
This technique, originally presented in [9] and in larger detail studied in [11, 12] , allows combining operations with different Hamiltonians into their composites. When the orders of the constituent Hamiltonians are N A and N B , the resulting Hamiltonian is of the order N = N A + N B − 2. This means that combining operations of at least third order is capable of creating an operation with order higher than that of its constituents, which can ultimately lead to creation of operations with arbitrary orders. The most elementary operation suitable for this operation is the cubic phase gate with Hamiltonian H ∝x 3 [9, 10] . However, as the order of the desired operation grows, we can start encountering scaling issues. The exact quantity of required operations strongly depends on their specific forms, but, for example, realizing operation of 10th order requires at least 2 6 individual third order operations [25] . This issue could be resolved by realizing at least some of the higher order operations directly, without the need to construct them from the lowest level components repeatedly using formula (1) .
In the Heisenberg representation, the cubic phase gate transforms operators of a quantum state asx ′ =x and p ′ =p − 3χ 3x 2 , where χ 3 is the cubic interaction gain. The realizing quantum circuit is depicted in Fig. 1a . The two oscillators, the signal and the ancilla, are coupled through a QND gate, which is characterized by interaction Hamiltonian H QND =xp a . Thex a quadrature of the ancilla is then measured and the obtained value is used to drive feed-forward corrections of the first (displacement) and second (squeezing) orders. The coupling and the feed-forward operations are individually Gaussian, but the ancillary state A3 is not. In order to compensate for the back action noise, the ancilla A3 has to be prepared in the cubic squeezed state, which has fluctuations of operatorp a − 3χ 3x 2 a , where the parameter χ 3 sets the strength of the nonlinearity, below the vacuum level, ([∆(p a − 3χ 3x 2 a )] 2 < 0.5, and ideally approaching zero.
The principle can be extended to nonlinear Hamiltonians of higher order,Ĥ ∝x N . They can be realized by employing an ancilla with reduced fluctuations in quadraturep − N χ Nx N −1 . However, in this case, the required feed-forward operations are of orders 1, · · · , N − 1, see Fig. 1b and each of them requires an ancilla squeezed in a specific nonlinear quadrature. So, while the same method can be used for realizing these lower-order nonlinear circuits in such recursive manner, the total number of gates required for realizing operation of N -th order is 2 N −3 , which is again the undesirable exponential scaling.
Fortunately it is possible to merge the required feedforward operations so that only N − 2 individual nonlinear gates are needed in total. The scheme is depicted in Fig. 1c and it relies on a sequence of N QND interactions with N ancillary states with reduced fluctuations in quadraturesp Ak −x
Ak , where k = 1, · · · , N . It is a significant advantage that the gains of the Gaussian QND operations depend on the previous results while the states do not. Setting the proper QND gains can be realized by fast feed-forward [15] , which is significantly more feasible than preparing tailored quantum states. Also, for k = 1, 2 the required states are Gaussian and the gates are not nonlinear. As a consequence, the required operation can be usually realized in a different manner [24] . For the sake of resulting formulas, though, we are going to use the gate-based expression. The QND operations transform the quadrature operators of the signal s and the k-th ancillary mode Ak according tô
The ancillary modes are then measured, yielding values q k =x Ak − z kxs . The gains z k of the QND operations are going to be functions of the previously measured values. To find them, we can express the final quadrature relations aŝ
where z j are yet to be determined. We can use the nonlinear property of ancillary states and the relationship between the operators and the measured quadratures,
where q k are the values obtained by the quadrature detectors, and arrive at the final form of thep-quadrature relations aŝ
We can see that transformation given by (3) and (5) realizes the desiredx N operation when the QND gain is proportional to the desired nonlinear operation gain, (z N ) N = χ N , and the remaining gains satisfy a set of N − 1 equations
for all k = 0, · · · , N − 2. This is a set of polynomial equations for z j which is already in the upper diagonal form and has always a unique solution. More importantly, the solution can be found in a recurrent form, so value of each z j is function only of the already known quantities z m and q m , where m > j. Also note that the measured value q 1 is not needed and the measurement therefore does not need to be performed. This shows that the GKP approach can be extended for realization of an arbitrary order of thex N gate and that the extension can be performed in such the way to efficiently resolve the scaling issues.
Nonlinear measurement induced approach -Applying elementary quantum circuits directly to a quantum state is a very straightforward approach. However, in practice it is often beneficial to take advantage of the inherent entangling property of quantum states and impress the desired nonlinearity onto the states through a suitable measurement performed on a suitable subsystem. So while the components of the circuit in Fig. 1c already follow the measurement induced paradigm, it is sensible to take this path to its logical conclusion and perform the full gate completely through a measurement. The scheme is sketched in Fig. 1d and it consists of a single QND interaction coupling together the initial system with ancillary system As prepared in a sufficiently squeezed vacuum state. This ancillary system is then subjected to the in-line non-linear gate consisting of QND gates with parameters z k coupling the system to N ancillary states, which are subsequently measured byx-quadrature detectors. In addition, the remaining ancillary mode is measured by ap-quadrature measurement, which is used to erase the influence of the carrier ancilla. The individual x-quadrature measurements provide measurement results q k =x k − z kxin . After the initial system is displaced by the measured value of the finalp-quadrature measurement, y =p 0 + N k=1p Ak , the quadrature operators of the initial system can be exactly described by (3) and therefore subsequently corrected in the same manner. Under ideal conditions the measurement induced and the in-line schemes are mathematically equivalent.
The QND coupling can be also replaced by a symmetric passive linear coupling, which is described by interaction HamiltonianĤ BS ∝x 1p2 +p 1x2 . This coupling, which for optical systems stands for the ubiquitous beam splitter, is passive; it only transfers energy between the systems instead of creating it. As a consequence it often is more feasible and less prone to noise and imperfections, and at optical frequencies it can work with arbitrarily high speed. On the other hand, the mixing of both quadratures makes it often more difficult to treat, as compared to the QND. In our scenario, however, the operations can be made equivalent. To see this, let us again consider the measurement induced scheme of Fig. 1d . The first beam splitter can have an arbitrary transmissivity t 0 . However, we will also it preceded by Gaussian squeezing operation, which ensures thatx out =x in . After the ancillary state A0 interacts with the first beam splitter, with positive transmissivity t N and reflectivity r N , it transforms tô (7) and thex quadrature measurement of the nonlinear ancilla provides value q N = t NxAN − r Nxin . In order to simplify the description we can now use this measured value and use it to transform the state (7) by Gaussian displacement and squeezing into:
Since these operations are Gaussian, as is the rest of the active components of the circuit, it is enough to consider them virtually and include their influence only into the measured data. Here we treat them as physical operations to simplify the derivation. After the sequence of all N beam splitters and erasing the influence of the carrier ancilla, the quadrature operators of the signal can be expressed aŝ
The form is again equivalent to (3). The coefficients t j r j N k=j t −2 k which need to be compensated are more involved than in the previous scenarios, but the final set of equations for the beam splitter coefficients can be solved in the same manner as for the QND scenario.
Quartic nonlinearity. This specific gate, a step above the elementary cubic nonlinearity, is strongly beneficial in realization of Kerr nonlinearity [12] . The particular linear optical scheme is in Fig. 2 . The implementation follows the steps drawn in the general section with only few differences. The ancillary states are prepared with squeezing in quadraturesp Ak − kχ kx k−1 Ak , where the parameters χ k are not related to the strength of the nonlinearity and only represent additional degrees of freedom which can be exploited during the preparation. The squeezing operations (8) previously considered to simplify the description are missing. The last two blocks corresponding to ancillas of orders 1 and 2 are also missing; these two operations are Gaussian and are therefore implemented in another way. The displacement directly, the squeezing by adaptive measurement of the quadrature rotated by θ, which depends on previous measurement results [24] . The three values measured by the optical homodyne detectors are:
q 3 = −r 0 t 4 r 3xs − t 0 t 4 r 3xA0 − r 4 r 3xA4 + t 3xA3 , (11) y = sin θ(r 0 t 4 t 3xs + t 0 t 4 t 3xA0 + r 4 t 3xA4 + r 3xA3 ) + cos θ(r 0 t 4 t 3ps + t 0 t 4 t 3pA0 + r 4 t 3pA4 + r 3pA3 ).
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We can see that the operators correspond to the input signal, squeezed by factor t 0 , transformed by the fourth order nonlinear phase gate with effective strength χ . The remaining terms represent the imperfections arising from ancillary states -both the finite linear squeezing in the mode A0 and the finite nonlinear squeezing in modes A4 and A3. The last term depends on both nonlinear ancillas, which is caused by coupling parameter t 3 depending on the measurement of A4. As a consequence, for good performance the nonlinear ancillary states should satisfy
This represents an example of squeezing requirement for a new class of nonlinear squeezed states. The dynamical problem of implementing any nonlinear phase gate has been therefore turned into the static problem of preparing suitable quantum resource states. Conclusion. The presented methodology has two revolutionary advantages over the previous methods. First, further integration of feed-forward to adjust the coupling coefficients allows to manipulate with strengths of the nonlinear operation by using only Gaussian tools. As a consequence, there is no need to prepare nonlinear quantum states for specific strengths of the nonlinearity, which significantly streamlines the state preparation phase of the circuit, as it moves all non-Gaussian requirements to preparation of only universal single-mode nonlinear squeezed states. Second, the ability to merge the necessary feed-forwards into a single sequence removes the exponential scaling in the number of operations. Together these innovations with the current development of time-resolved optical quantum technology [18] open up the possibility of feasible and efficient experimental realization of the nonlinear phase gates and their application to CV simulation and hybrid qubit-CV computation [2, 3, 5] .
